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Section 2 Notes

1 Expectation of a random variable

A random variable X has expectation and variance, denoted E(X) and var(x) respectively:

var(z) = B{[X — B(X)]*} = B(X?) - [E(X)?]

The standard error of X is y/var(X). The standard error is abbreviated as SE.

The expected value or expectation of a random variable is its average value, where “average value” means a value
weighted according to the probability distribution. For a discrete random variable, its expected value can be interpreted
as a weighted average of all possible outcomes. In this context, the weight assigned to each particular outcome is equal
to the probability of that outcome occurring.

Some rules:

1. The Discrete Case: suppose P{X = x;} = p; fori = 1,2,...and >, p; = 1. Then E(X) = >, z;p;,
E(X?) =Y, x?p;, and so forth. More generally, E{g(X)} = >". g(z:)p;

2. The absolutely continuous case: if X has a density f, i.e, P{X < z} = ffoo f(u)du, if then E(X) =
75 uf(u)du, [T u? f(u)du, and so forth. More generally [ g(u) f(u)du.

3. If a is a real number, then E(aX) = aE(X).
E(X +Y)=E(X)+E(Y).

If a is a real number, then var(aX ) = a?var(z).

A

var(X +Y) = var(X) 4+ var(Y) + 2 - cov(X,Y).

2 Conditional distributions and expectations
The formal definition of conditional probability is:

P{A and B}
P{AB} = ——————
(1B} = =5
The interpretation is a bit opaque, but essentially, P{A|B} is a new probability on the sample space. Probabilities
outside B are reset to 0; inside B, probabilities are renormalized so the sum is 1.
The conditional distribution of Y given X is the distribution of Y, given the value of the value of X . In the discrete
case, this is just P{Y = y|X = z}. The conditional expectation of Y given X is

BE(Y|X =2) =) yP{Y =y|X =z}



In the absolutely continuous case, the pair (X, Y) has the density f, i.e.,

oy
P{X <zandY <y} = / / f(u,v)dudv

Then X has density g and Y has density h:

o) = [ fevdon) = [ s

Furthemore, Y has a conditional density given that X = z, then h(y|x) = f(x,y)/g(x). Said another way, the
conditional distribution of Y given X = x has the density h(y|x). For instance,

oo

PY s ulX o) = [ hylo)dy BOIX =)= [ yno)dy

—0o0

What is fixed? The conditional distribution of ¥ given X = =z is possibly a different probability distribution for
every value of x. When we want to describe the entire famiy of distributions, we write the distribution of E(Y|X).
When we describe a particular conditional expectation, we use E(Y | X = z).

The distinction between X and x is crucial. When we write X, we mean X is a random variable. When we write z,
we mean that z is a realization of the random variable and therefore is fixed. So for example, E(Y |x) is a real number
obtained by calculating the appropriate sum or integral and there is nothing random about it. F(Y'|X)], however, is a
random variable whose value depends on the value of X.

3 What is independence?

Suppose we make two draw at random from the box . Let X be the first draw, and Y the second.
1. Suppose the draws are made with replacement:

If X =1, the chance that Y = 5is 1/4.

If X = 2, the chance that Y = 51is 1/4.

If X = 2, the chance that Y = 51is 1/4.
This is independence: P{Y = y|X = x} is the same for all =. This definition only applies to the discrete case
and the equality has to hold for each y. Note that this also implies that E(Y|X) = E(X).
Factorization: Discrete random variables X and Yare independent provided P{X =z andY =y} = P{X =
x}P{Y =y} for all z and y.

2. In the box example, if the draws are made without replacement, the two random variables are dependent: P{Y =
y|X = x} may be different for different ’s.

If X =1, the chance that Y = 5is 1/3.
If X = 2, the chance that Y = 51is 1/3.
If X =5, the chance that Y = 51is 0.

In the absolute continuous case, the above definition doesn’t work, since the P{X = z} = 0 for all values of =
and 0/0 is not defined. Suppose the pair (X,Y") has a joint density f. The independence condition here is that h(y|z)
is the same for all x, where h is the conditional density of Y given X = =.

Factorization: Absolutely continuous variables X, Y are independent provided the joint density f factors: f(x,y) =
g(x)h(y) for all z, y.

Notation: X L Y means that X and Y are independent.



4 Sums of independent variables

If X 1Y then
1. E(XY) = E(X)E(Y)
2. cov(X,Y)=0
3. var(X +Y) = var(X) + var(Y)

Suppose X1, X, ... are independent and identically distributed (IID). Let F(X;) = u and var(X;) = o2. Let
S, = X1+ ...+ X,,. Then

1. E(Sp) =np

2. var(S,) = no?.
In other words, (1) the sum of IID random variables has the expected value equal to n times the common expected
value of the summands. (2) The standard error of the sum is vn times the common standard error of the summands.
Let X = S,,/n be the average of X1, X5, ..., X,,. Then E(X) = nu/n = pand var(X) = no?/n* = o2 /\/n.
Thus, X has expectation u and a standard error o//n. What happens when the sample without replacement? Then

. . > _ 2
the variance of the sample mean is var(X) = %7’11 .

5 Potential outcomes
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Figure 1: A randomized controlled experiment comparing treatments T and C. There is a ticket fo reach subject. The
ticket has two numbers: one shows the subject’s response to treatment T; the other, to treatment C. Only one of the
two numbers can be observed.

Say we are interested in inferring the effect of some cause 7" on a parameter Y of the distribution of outcome Y’
in population A relative to treatment C' (control). Population A is composed of a finite number of units and Y 4 7
is simply a summary of the distribution of that population when exposed to 7', such as the mean. If treatment C'
(control) were to be applied to population A, then we would observe Y A,c- In other words, we observe Y A,r and in
the counterfactual world, we would observe Y 4 ¢. The causal effect of 7 relative to C for population A is a measure



of the difference between Y 4 7 and Y 4 ¢, suchas Y 4 7 — Y 4 ¢. Of course, we can only observe the parameter that
summarizes the actual world and not the counterfactual world.

The key insight of statistical models of causation is that under special circumstances we can use another population,
B, that was exposed to control, to act as the counterfactual of A. If we believe that Y AC = Y B,c, then we no longer
need to rely on a unobserved counterfactual world to make causal inferences, we simply can simply look at the
difference between the observed Y 4 1 and Y 5 ¢. In most cases Y 4 ¢ # Y g ¢, however, so any inferences made by
comparing the two populations will be confounded. What are the special circumstances that allow us to construct a
suitable counterfactual population and make unconfounded inferences? As discussed below, the most reliable method
is through randomization of treatment assignment, but counterfactual inferences with observational data is possible—
albeit more hazardous—as well. Randomization of treatment motivates the most popular counterfactual model for
causation: the Neyman-Rubin model.

Let Y;r denote the potential outcome for unit ¢ if the unit receives treatment, and let Y;o denote the potential
outcome for unit ¢ in the control regime. The treatment effect for observation i is defined by 7; = Y;7 — Y, Causal
inference is a missing data problem because Y;7 and Y;¢ are never both observed. This remains true regardless of the
methodology used to make inferential progress—regardless of whether we use quantitative or qualitative methods of
inference. The fact that we cannot observe both potential outcomes at the same time is commonly referred to as the
“fundamental problem of causal inference”.

Let T; be a treatment indicator: 1 when ¢ is in the treatment regime and O otherwise. The observed outcome for
observation ¢ is then:

Y; = TiYir + (1 = T;)Yic

The average causal effect 7 is the difference between the expected values E(Yr) and E(Y). We only observe the
conditional expectations E(Yr|T = 1) and E(Yc|T = 0), not the unconditional expectations required for obtaining
7. Until assume that E(Yr|T = 1) = E(Yr) and E(Y¢|T = 0) = E(Yc), we cannot calculate the average treatment
effect.

To estimate the average treatment effect, we require the assumption of independence. The singular virtue of exper-
iments is that physical randomization of an intervention ensures independence between treatment status and potential
outcomes.. With the independence assumption, the average treatment effect can be estimated from observables using
the following expression:

7= B(Yir|T = 1) - E(Yie|T = 0) = E(Yir) — E(Yic)

Under randomization, the assumption that 7; is independent of Y;r and Y, is plausible, making the treatment and
control groups exchangeable in expectation.
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