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1 Genetic Matching

2 The Matching part of GenMatch()

2.1 Mahalanobis Distance

GenMatch is a generalized version of the Mahalanobis distance. The idea is that in cases in
which Mahalanobis distance is not optimal, one can search the space of all distance metrics to
find an optimal distance metric. The Mahalanobis distance is defined as:

dm(Xi, Xj) =
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(Xi −Xj)
TS−1(Xi −Xj)
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where S is the sample covariance matrix of X. Notice that if S is the identity matrix, then
this collapses to the Euclidean distance and if it is diagonal then it is a normalized Euclidean
distance. Mahalanobis distance and GenMatch are both affinely invariant matching methods.

2.2 EPBR

The proofs for Mahalanobis distance matching are based on ellipsoidal distributed distributions
(normal, t, etc.). When the Xs are distributed ellipsoidally, the property of equal percent bias
reduction (EPBR). We say that a matching procedure is EPBR if:

η1 − η2∗

η1 − η2

= γ

for a scalar 0 ≤ γ ≤ 1, where η1 and η2 refer to the original mean vectors, and η2∗ refers to
the matched mean vector. Note that this implies that:

(η1 − η2∗) = γ{(η1 − η2)}

⇒ E1((X))− E2∗((X)) = γ{E1((X))− E2((X))}

which means that a matching method is EPBR if the bias in each coordinate x of X is
reduced by the same percentage by the matching method. If EPBR does not hold, then it can
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be proven that there is some vector w for which the matching increases the bias for some linear
function of X.

However, while EPBR is a nice property, it is only of limited value if the mapping between
X and Y is non-linear. Also, there may be a substantive reason to believe that getting good
balance on some covariates is more important than others, in which case we’d rather optimize
balance on some covariates rather than have EPBR hold.

2.3 GenMatch

GenMatch overcomes the problems of Mahalanobis distance by searching over the space of
distance metrics by adding a weight matrix to generalize the Mahalanobis distance.

dgm(Xi, Xj) =
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T (S−

1
2 )TW (S−

1
2 )(Xi −Xj)

} 1
2

where W is a k × k positive definite weight matrix and S1/2 is the Cholesky decomposition
of S. It is an affinely invariance matching algorithm that uses the above distance metric, where
all off-diagonal elements of W are zero. It searches only for the diagonal in order to save
computational power. The diagonal elements are chosen to satisfy a certain loss criterion, with
the default being to minimize the maximum discrepancy. However, the function allows for the
user to pass in any loss criterion that they desire.

It is important to note here that the GenMatch distance simplifies to the Mahalanobis
distance metric if W is the identity matrix. If the p-score is passed in as the first column of
X, and all other columns of X are covariates orthogonalized to the pscore, then if the pscore
is correct, GenMatch will approach the pscore. However, the mean squared error will be lower.

3 The Genetic part of GenMatch

GenMatch is based on the optimizer genoud written by Mebane and Sekhon. Genetic algorithms
are one way to solve the difficult optimization problem we face of choosing the optimal weights
in a possibly irregular response surface, and they a type of evolutionary algorithm. Evolutionary
algorithms, using the biological notion of evolution, modify a population of potential solutions
so that each generation, on average, tends to have a better “fit” than the previous generation.
One advantage of genetic algorithms is that they do not require derivatives to exist, as many
other optimizers do, nor do they rely on continuous functions. The success of a genetic algorithm
depends on a sufficiently large population of code-strings (in the case of GenMatch(), the code
string is a vector of pvalues).

GenMatch uses the following “reproductions” and “mutations” to create new code-strings
in successive generations:

• cloning makes copies of the best trial solution in the current generation

• uniform mutation changes one parameter in the trial solution to a random value uniformly
on a specified domain

• boundary mutation replaces one parameter with one of the bounds of the domain
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• non-uniform mutation shrinks one parameter towards the bounds, with the shrinkage
depending on the number of generations that have been performed

• whole non-uniform mutation non-uniform mutation for all parameters in a trial solution

• heuristic crossover uses two trial solutions to produce a new solution

• polytope crossover computes a trial solution as a convex combination of as many trial
solutions as there are parameters

• simple crossover computes two new trial solutions from two old trial solutions by swapping
parameters at a starting at a random point

• local minimum crossover computes a new trial solution in two steps: preset number of
quasi-newton based iterations then computes a convex combination of the input trial
solutions and the quasi-newton based iterations.

It starts with a random initial population and determines the fitness of each individual,
then performs these operations. Once the new population has been created, the fitness of each
of the new individual is determined and the process repeats accordingly. The algorithm stops
when there has not been “significant gain” in the fitness for a certain number of generations or
the user tells the algorithm to stop.

There is no guarantee that these reproduction and mutations will necessarily improve the
fitness of the next generation, however the long-run properties of genetic algorithms can be
thought of as a Markov chain. A state of the chain is a code-string population of the size used
in the algorithm (which, for GenMatch is the pop.size function). For finite population sizes
and code-strings of finite length, and given the random reproduction and mutation operators
above, the genetic algorithm is Markov chain that converges to a unique stationary distribution.
Therefore, the probability that each population occurs converges to a constant, positive value.
There have been proofs that have shown that the probability that each code-string is selected
to reproduce is proportional to its observed fitness.

In other words, this means that, asymptotically in the population size, populations that
have low fitness values have a probability approaching zero in the stationary distribution, while
populations with high fitness have a probability approaching one. The critical implication of
this is that the success of a genetic algorithm, including genoud, as an optimizer depends on
having a sufficiently large population of code-strings. This is why, for publication quality work,
it is important that you have a large population size, otherwise the convergent distribution
will not have sharply distinguished probabilities for optimal and sub-optimal populations. This
could result in sub-optimal balance for our matches.
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