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The nonacceleratinginflation rateof unemployment(NAIRU) is an importanteconomicandpolitical
concept. It is significantnot only becausemostmacroeconomistsuseit whenthinking abouta variety of
issuesbut alsobecauseit playsapivotal role in guidingpolicy. In thisnoteI briefly describehow I estimate
theNAIRU.

1 NAIRU Estimation

TheNAIRU model,thestandardmodelfor inflation,is usuallybasedontheexpectations-augmentedPhillips
relation

πt
� πe

t
� β

�
ut

� u�t ��� δXt � vt � (1)

whereπt is anestimateof theactualinflation rate,πe
t is theexpectedinflation rate,ut is theunemployment

rate,u�t is theNAIRU, Xt containsadditionalregressors intendedto control for supplyshocks,andvt is an
errorterm.

Like many others,I usea “randomwalk” model for inflationaryexpectations(CongressionalBudget
Office 1994; Fuhrer1995; Gordon1990; Staiger, StockandWatson(SSW)1997a,1997b;Tootell 1994;
Weiner1993).Accordingto the“randomwalk model,” πe

t
� πt � 1, sothatπt

� πe
t
� ∆πt . Hence,

∆πt
� β

�
ut

� u�t ��� δXt � vt 	 (2)

Equation2 neglectsthepossibilityof serialcorrelationin theerror term. It is thereforeconventionalto
estimateanautoregressivespecification:

∆πt
� β

�
L � � ut

� u�t ��� δ
�
L � ∆πt � 1 � γ

�
L � Xt � εt � (3)
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whereL is the lag operator, β
�
L � , δ

�
L � , andγ

�
L � arelag polynomialsandεt is a seriallyuncorrelatederror

term.
Equation3 is difficult to estimatebecausethemodelis nonlinearin theparameters.WhentheNAIRU,

u�t , doesnot vary with t, Equation3 canbe rewritten in a form which canbe convenientlyestimatedby
ordinaryleastsquares(OLS):

∆πt
� µ � β

�
L � ut � δ

�
L � ∆πt � 1 � γ

�
L � Xt � εt 	 (4)

Theestimateof theNAIRU is then

û� � � µ̂

β̂
�
1� �

(5)

whereβ
�
1� � ∑p

i 
 1 βi , with p being the order of the lag polynomial β
�
L � . Notice that the NAIRU is a

nonlinearfunctionof thecoefficientsµ andβ
�
1� .

Theestimationapproachoutlinedin Equations4–5canbealteredfor thecasewheretheNAIRU varies
with time. Onewayto accomplishthisis to replacêµwith ∑l

j 
 1 α jH j � 1 � t � whereHi is aHermitepolynomial
of orderi andwheret is thetimeargumentcenteredaround0.1 Therefore,

∆πt
� l

∑
j 
 1

α jH
j � 1 � t ��� β

�
L � ut � δ

�
L � ∆πt � 1 � γ

�
L � Xt � εt � (6)

andtheestimateof thetime-varyingNAIRU is

û�t � � ∑l
j 
 1 α̂ jH j � 1 � t �

β̂
�
1� 	 (7)

Selectionof theorderof theHermitepolynomialseriesis doneusingMallows’ Cp.2 Hermitepolyno-
mials in particularandorthogonalpolynomialsin generalhave many propertieswhich make themuseful
for flexible-form estimation(deBoor 1978;Hinich andRoll 1981;Szegö 1975)—seeAppendixA.3 Less
computationis requiredfor Hermitepolynomialsthanfor cubicsplines.

SSW(1997a,1997b)useseveralapproachesto estimatethetime-varyingNAIRU. Oneof themis similar
to theonespecifiedin Equation6. They donotallow contemporaneousunemploymentandsupplyshocksto
affect thecurrentperiod’s inflation rate.SSW(1997a,1997b)approximatetheNAIRU by a cubicsplinein
time,writtenasφ̄� St , whereSt is avectorof deterministicfunctionsof time.4 TheSSWestimationequation
for thesplineapproximatedtime-varyingNAIRU is

∆πt
� φ� St � 1 � β

�
L � ut � 1 � δ

�
L � ∆πt � 1 � γ

�
L � Xt � 1 � εt � (8)

whereφ � � β
�
1� φ̄ andû�t � � φ̂� St � β̂

�
1� . SSWestimateEquation8 by OLS.

Following SSW(1997b)thelagoperatorsbegin with ut � 1 andXt � 1 insteadof ut andXt—seeEquation8.
Also following SSW(1997b),I usemonthlylagsoveroneyearfor bothut and∆πt andlagsoveronequarter
for the supply shocks,Xt . The supply shocksare specifiedas the differencebetweenfood and energy
inflationandoverallCPI inflation.5 Thedataaremonthlyandthepricelevel measureis thefull CPI.

1Theargument,t, mustbecenteredaround0 becauseHermitepolynomialsareorthogonalon thesymmetricinterval 
�� ∞ � ∞ �
with respectto theweightingfunctionw 
 t ��� e� t2

. SeeAppendix A for details.
2ThecurrentmodelselectsaHermiteseriesof order6.
3I donotwish to imply thatHermitepolynomialsarenecessarilysuperiorto otherpolynomialssuchasLegendreor Chebyshev.

Theuseof Legendrepolynomialsdoesnot significantlyaltermy results.
4SeeSSW(1997b,207)Equation10.
5SeeKing andWatson(1994)footnote18. I hadpreviously includedtheNIXON variablethatGordon(1990,1167)suggestsas

asupplyshock,but it is not significantandis rejectedby variousmodelselectioncriteria—LRtest,Mallows’ Cp andBIC.
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A Appendix: Hermite Polynomial Series

I usetheHermitepolynomialseriesto estimatetheNAIRU. TheHermiteseriesis oftenusedto implement
cubicsplines(deBoor1978).Hermitepolynomialsform oneof thefamiliesof classicalorthogonalpolyno-
mials(Szegö 1975).Thevariance-covariancematrix is oftenwell-conditioned(Hinich andRoll 1981).The
Hermitepolynomialsmaybedefinedfor j � 0 by therecurrencerelation

H j � 1 � t � � 2tH j � t � � 2 jH j � 1 � t � 	
wheret is theargument(time), j is theorderandwhereH0 � t � � 1 andH1 � t � � 2t. Theargument,t, mustbe
centeredaround0 becausethepolynomialsareorthogonalon thesymmetricinterval

� � ∞ � ∞ � with respect
to theweightingfunctionw

�
t � � e� t2

,

� ∞

� ∞
H j � t � Hk � t � e� t2

dt � 2kk!π
1
2 δ jk � j � k � 0	

A few Hermitepolynomialsarelistedbelow. Notehow quickly thepolynomialsincreasein size.This is
oneof thereasonswhy theparametersassociatedwith thepolynomialsareextremelydifficult to interpret.

H2 � t � � 4t2 � 2

H3 � t � � 8t3 � 12t

H4 � t � � 16t4 � 48t2 � 12

H16� t � � 65536t16 � 3932160t14 � 89456640t12 � 984023040t10 � 5535129600t8 � 15498362880t6

� 19372953600t4 � 8302694400t2 � 518918400
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